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ABSTRACT 
The main goal of ttiis paper is to prove that Fredholm and semi-Fredholm operators betweenp-adic 
(or non-archimedean) Banach spaces, as well as the index of those that are Fredholm, are preserved 
when they are perturbed by a small operator. In this way we obtain the non-arehimedean counter- 
parts of some well-known results of classical Operator Theory. For non-spherically complete fields 
the classical techniques are no longer valid in the p-adic context, which forces us to seek a com- 
pletely different way to attack the problem. The p-adic concept of orthogonality will be one of the 
key tools to get our purpose. 
INTRODUCTION 
The problem of perturbation of Fredholm and semi-Fredholm operators be- 
tween real or complex Banach spaces is one of the central subjects in classical 
Operator Theory. Some of the main results related to this question are those 
that establish the stability of these kinds of operators when they are perturbed 
by a small or by a compact operator (see e.g. [2], [15]). 
For Banach spaces over non-archimedean valued fields, the preservation of
Fredholm operators and their index under compact perturbations was proved 
in [1]. Also, [16] deals with small and with compact perturbations of certain 
classes ofp-adic semi-Fredholm operators. 
The aim of this paper is to study the perturbations that were not covered in 
Mathematics Subject Classification (2000): 47S10, 46S10 
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[1] and [16]. As a product we complete the research developed in these works 
and improve some of their results. In this way we finally get a p-adic counter- 
part of the classical perturbation theory of Fredholm and semi-Fredholm op- 
erators. This p-adic theory extends the approach about perturbations of the 
identity operator previously given in [7], [13] and [14], as well as the corre- 
sponding one achieved in [9] and [10] for injective Fredholm operators (see also 
[11]). In [9] it was also introduced the connection between index of Fredholm 
operators and p-adic differential equations, which is still an important current 
matter of research as recent papers like [3], [4], [5] and [6], among others, are 
covering new trends. 
The techniques used to study perturbations of Fredholm and semi-Fredholm 
operators when working over the real or complex field are no longer valid in 
our context. One of the crucial reasons is that, in contrast o the classical case, 
finite-dimensional subspaces ofp-adic Banach spaces are not always topologi- 
cally complemented. In fact, if the ground field is not spherically complete there 
are non-archimedean Banach spaces for which the only continuous linear 
functional is 0 (e.g. g~/co, [12], Corollary 4.3). For instance, this implies that 
these spaces cannot have non-trivial finite-dimensional subspaces that are to- 
pologically complemented ([1], Proposition 4.7). This fact forces us to seek a 
completely different way to attack the problem. In this paper, the p-adic con- 
cept of orthogonality will be one of the key tools to arrive at the desired con- 
clusions. 
1. PREL IMINARIES  
Throughout this paper ~ is a field endowed with a non-trivial non-archimedean 
valuation ]• I, and complete with respect to the metric induced by its valuation. 
Also, X, Y are non-archimedean Banach spaces over ~. 
For a subspace M of X, dim M means its algebraic dimension. We agree that 
{0} is a finite-dimensional subspace of X with dim {0} = 0. Let A be a subset of 
X. The linear hull of A is denoted by [A]. A is called compactoid f for every e > 0 
there is a finite set B C X such that A C co(B)+{x E X : Ilxll _< e}, where co(B) 
is the absolutely convex hull of B. 
X is said to be of countable type if it is the closed linear hull of a countable set. 
In this case ([12], Theorem 3.16, (i/)) X is also the closed linear hull of a t-or- 
thogonal sequence, t E (0, 1) (for the concept of t-orthogonality see below). 
Let el ,e2,. . ,  be a finite or infinite sequence in X and let t E (0, 1]. This se- 
quence is called t-orthogonal if 
n 
t maxl<i<nlJAieill ~ II  ,,e ll 
i=1  
for all n E N (or for all such n that do not exceed the length of the given se- 
quence) and all A1, A2,.. •, An E ~. We say that x, y E E are t-orthogonal if so is 
the finite sequence x, y. Also, two subspaces M, N of X are called t-orthogonal 
if every x E M is t-orthogonal to every y E N. In particular, when N = [y] for 
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some y E X, we say that y is t-orthogonal to M. We use orthogonality instead of 
1-orthogonality. 
A closed subspace M of X is topologically complemented in X if there is a 
continuous linear projection P from X onto M which, by the Open Mapping 
Theorem ([12], Theorem 3.11), is equivalent to the existence of a closed sub- 
space N of X such that X = M (~ N, where by this equality we mean that X = 
M+N and M N N = {0}. Such an N is called a topologicaIcomplement of M. If, 
in addition, ]]P(x)l I <_ [Ix H for all x E X, or equivalently, there is a closed sub- 
space N of X such that X = M ~ N and M, N are orthogonal, then we say that 
M is orthocomplemented in X and that N is an orthogonal complement of M. 
L(X, Y) is the (non-archimedean) Banach space of all operators (that is, 
continuous linear maps) from X to Y, endowed with the norm 
IITll := inf{c > 0: IIr(x)ll _< c llxll for all x E X} (T E L(X, Y)). 
We write L(X) instead of L(X, X) and X' instead of L(X, ~). The identity op- 
erator on X is denoted by Ix. 
Given T E L(X, Y), Ker(T) and R(T) are the kernel and the range of T re- 
spectively. By .~ we mean the Banach space X/Ker(T) endowed with the usual 
quotient norm. If T is the injective map from X to Y associated to T, then T E 
L(X, Y) and R(T) = R(r ) .  Further, T is the unique operator from 2 to Y for 
which the diagram 
T X ~ Y 
2 
commutes, where Tr : X ~ .,~ is the canonical quotient map. By ~-a we indicate 
the inverse R(T) ~ .~ of T. 
Suppose R(T) is closed in Y. Then, the Open Mapping Theorem ([12], The- 
orem 3.11) implies that 5~ -1 is continuous too, that is, a bijective operator from 
R(T) (= R(T)) onto X. Hence, 
(1) []Tr(x)[ I _< []~-x{[ [iT(x)[] for all x ~ X. 
S(X, Y) is the set of all surjective operators from X to Y. A surjective operator 
T E S(X, Y) is said to be a quotient map if for every y E Y, [lyll = inf{llxll : x 
X, T(x) = y} i.e. if T : J( --* Y is a bijective isometry. The set of all quotient 
maps from X to Y is denoted by Q(X, Y). 
Also, T E L(X, Y)is called compact if T({x E x : Ilxll _< 1})is a compactoid 
subset of Y. Recall that an operator is compact if and only if it is the limit of a 
sequence of finite-dimensional range operators ([12], Theorem 4.39). By 
C(X, Y) we mean the set of all compact operators from X to Y. 
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For more basic facts on non-archimedean Banach spaces we refer to [12]. 
Before introducing the classes of operators we are going to deal with (see 
Definition 1.3) we first include the next lemma, which will be very useful in the 
perturbation theory developed in the next sections. 
Lemma 1.1. Let M], M2 be finite-dimensional subspaces of X such that dim M1 
dim M2 (but not necessarily M1 C m2). Let t E (0, 1). Then there is an x c M2 \ 
{0} such that x is t-orthogonal to M1. 
I f  in addition, ~ is spherically complete, then the conchtsion also holds for 
t -1 .  
Proof. As dim M1, dim M2 < oo, we have that M1, M2 and M1 +M2 are all 
complete, hence closed ([12], Theorem 3.15, qi)). By Theorem 3.16,(v) of [12] 
(whose proof also works for finite-dimensional spaces), there is a continuous 
linear projection P from MI+M2 onto M1 with I[PII < t -1. By restricting P to 
M2, we obtain 
dim 3//2 = dim P(M2)+dim (Ker(P) N M2). 
Thus, 
dim (Ker(P) A 3//2) = dim M2 - dim P(M2) 
_> dim M2 - dim M1 > 0. 
Therefore, there is an x c (Ker(P) n M2) \ {0}. Further, as Ilell ~ t 1, it is ea- 
sily seen that Ilx+yfF > t IPyII for all y c M1, which means that x is t-orthogonal 
to each y E MI ([12], Lemma 3.2). So, this x satisfies the required conditions. 
If  ~ is spherically complete, it follows from Lemma 4.35 of [12] that M1 is 
orthocomplemented in MI +M2 and in this case there exists such a projection P 
with IIPII _< 1. Hence, the previous reasoning holds for t = 1. [] 
Remark 1.2. When ~ is not spherically complete Lemma 1.1 is not true for 
t = 1. As an example, let ~; := Cp be the completion of the algebraic losure of 
the field Qp ofp-adic numbers. There is an infinite-dimensional Banach space of 
countable type X over ~ without non-zero mutually orthogonal elements ([12], 
Example 5.E). Obviously the conclusion of Lemma 1.1 for t = 1 fails for any 
pair of non-trivial finite-dimensional subspaces M1,M2 of X with dim M1 
< dim M2. 
Next we introduce the classes of operators that will be considered in this 
paper. 
Definition 1.3. We say that T E L(X, Y) is a semi-Fredholm(+) operator if 
r/(T) := dim Ker(T) is finite and R(T) is closed in Y. 
Also, we say that T is a semi-Fredholm(-) operator if 5(T) := dim Y/R(T)  is 
finite (and so R(T) is closed in Y, [16], Proposition 3.2). 
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The set of all semi-Fredholm(+) (resp. semi-Fredholm(-)) operators from X 
to Yis denoted by ¢6+(X, Y) (resp. ~_(35, Y)). 
Finally, an operator T in 
e(x, r) := e+(x, Y) n ~_(35, Y) 
is called a Fredholm operator. For such a T E q6(X, y) the index, x(T), of T is 
defined as 
x(T) := r/(T) - ~(T). 
When X = Y we write q~+ (X), ~_ (X) and qS(X) instead of q~+ (X, X), ~_ (X, X 
and ~(X, X) respectively. 
In the next sections we discuss the stability of (semi)-Fredholm operators T
35 ~ Y when they are perturbed by a small or a compact S E L(X, Y). If T = 0 
the situation becomes obvious. Indeed, if 0 E q~+(X, Y) then X = Ker(0) is 
finite-dimensional, hence L(X, Y) = ~+(X, Y) and ~(S) _< r/(0) = dim X for 
any S E L(X, Y). Analogously, if 0 E ~_(X, Y) then Y = Y/R(O) is finite- 
dimensional, hence L(X, Y) = ~b_(X, Y) and ~(S) < ~(0) = dim Y for any 
S E L(X, Y). It follows that if 0 c q~(X, Y) then X and Y are finite-dimen- 
sional, L(X, Y) = ,I~(X, Y) and, for any S E L(X, Y), 
x(S)  = d im Ker (S )  - d im Y/R(S) 
= (d im 35 - d im R(S) )  - (d im Y - d im R(S) )  
= 7(0)  - ~(0)  = x (0) .  
If, in addition, 0 c qs(X, Y) N S(X, Y) then Y = {0} and L(X, Y) is reduced to 
the null operator which clearly is a quotient map. 
Further, observe that T =- 0 if and only if ~-1 = 0. Therefore, the results ap- 
pearing in the next sections are obviously true when the original operator 
T = 0, with the agreement 1 := OO. So, 
I1~-111 
FROM NOW ON WE ASSUME T ¢ 0 
2. PERTURBATIONS OF SEMI-FREDHOLM OPERATORS 
It was proved in [16] that semi-Fredholm(-) operators are preserved under small 
and under compact perturbations. In this section we show its counterpart for 
semi-Fredholm(+) operators. Our first main result, Theorem 2.5, which states 
the stability of ~+(X, Y) under small perturbations, will be one of the key 
points to obtain our second main result in this paper, Theorem 4.2, related to 
small perturbations of Fredholm operators. These theorems are also involved 
in those given for compact perturbations (Theorems 2.10 and 4.1 respectively). 
When ~ is spherically complete the kernel of any T E ~+(X, Y) is ortho- 
complemented in X ([12], Lemma 4.35). Then, following the same arguments as 
in Theorem (4.2.1) of [2] we can conclude 
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Theorem 2.1. Suppose K is spherically complete. Then, for each T E ~+(X, Y) 
1 and each S E L(X, Y) with 41Sll < ~ we have that T+S E ~+(X, Y) and 
~I( T + S) <_ ~7( T). In particular, if T is injective then so is T + S. 
Remark 2.2. Unfortunately, when K is not spherically complete the kernel of a 
T c ~+(X, Y) is not necessarily orthoc0mplemented in X, not even topologi- 
cally complemented. Indeed, there are Banach spaces X over such a K for 
which X ~ = {0} ([12], Corollary 4.3). By Proposition 4.7 of [1], these X cannot 
have non-trivial finite-dimensional subspaces that are topologically com- 
plemented. This forces us to look for new techniques to deal with small per- 
turbations of ~+(X, Y). The following characterizations of semi-Fredholm(+) 
operators in terms of t-orthogonality will be very useful to arrive at the desired 
conclusion. 
Theorem 2.3. For T E L( X, Y) the following properties are equivalent. 
(a) T E ~+ (X, Y). 
(b) There exists C > 0 such that, for any t C (0, 1] and any t-orthogonal se- 
quence (e~)~ in X, there is an m E ~ with 
IlT(en)ll > c tlle~]l for all n _> m. 
(c) There exist C > 0 and t E (0, 1) such that, for any t-orthogonal sequence 
(en)neN in X, there is an m E f~ with 
IIT(en)ll _> c tlle~ll for all n > m. 
If, in addition, ~ is spherically complete, then properties (a), (b) and (c) are 
equivalent to: 
(d) There exists C > 0 such that, for any orthogonaI sequence (en)nc~ in X, 
there is an m E ~ with 
IIT(e~)ll >_ Cllenll for all n _> m. 
Proof. (a) ~ (b). Let t E (0, 1] and let (en)n~ be a t-orthogonal sequence in X. 
We can assume that en ~ 0 for all n E N. Let c~ c (0, 1) be fixed. 
With the same reasoning as in Lemma 2.2 of [8] we obtain an m E N such that 
II~(e.)ll > ~ tllenll for all n > m. 
By applying (1) we conclude that 
c~t 
(2) IIV(e,)ll >~l le . l l  for all n>m.  
Hence, m E ~ as above and C := I[~--'ll satisfy (b). 
(b) ~ (e) is trivial. 
(c) ~ (a). Let C, t be as in (e). Suppose T ~ ~+(X, Y); we will derive a con- 
tradiction. By Theorem 2.4 of [8], there is a closed subspace of countable type 
M of X such that the restriction of T to M is not in ~+(M, Y). Lemma 2.3 of [8] 
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implies the existence of a t-orthogonal sequence (e~)n~ in M such that 
inf~c~ Ilenl] > 0 and (T(e~)),c ~ converges to zero, which contradicts (c). 
Now, assume that ~ is spherically complete. 
Clearly (c) ~ (d). To see (d) ~ (a), just argue as in (c) ~ (a) taking into 
account hat, when ~ is spherically complete, Lemma 2.3 of [8] is also true for 
t= l .  [] 
Remark 2.4. 1. Note that the natural number m appearing in all the properties 
of Theorem 2.3 depends on the t c (0, 1] and the corresponding t-orthogonal 
sequence (e,)nE~ (t = 1 in (d)). 
2. If N is not spherically complete, property (d) of Theorem 2.3 is not suf- 
ficient to assure that T E ~+(X, Y). Indeed, let ~ and X be as in Remark 1.2. 
Since X does not have non-zero mutually orthogonal elements, property (d) 
obviously holds for every Banach space Y over ~ and every T ¢ L(X, Y) (and 
any C > 0). But such a T is not necessarily in ~5+(X, Y). In fact, just take Y := 
and T any element o fX  ~ (observe that since X is of countable type, X ~ # {0}, 
[12], Theorem 3.16,(vi)). 
3. Call (b)', (c)' and (d)' the versions of (b), (c) and (d) respectively for 
m = 1. Then, properties (b)' - (d)' are equivalent to: 
(a)' T E ~+(X, Y) and it is injective (i.e. T is a linear homeomorphism from X 
onto R( T)). 
Indeed, the proof of the implications (a)'~(b)'~(c)'~(d)' is straightfor- 
ward. Finally, we see (d)'~(a)'. For that, let C > 0 be as in (d)' and let x E X. 
The sequence el :=x, e~ :=0, n > 1, is orthogonal. By assumption, 
]ITx]] _> C I]x][, which leads to (a)'. 
Now we have enough tools to prove the stability of ~+(X, Y) under small 
perturbations for Banach spaces X, Y over any ~ (compare Theorem 2.1). 
Theorem 2.5. For T C #+(X, Y) and S c L(X, Y) with IlSll < we have that 
T+S E #+(X, Y) and ~(T+S) <_ zl(T ). In particular, if T is injective then so is 
T+S. 
Proof. First we see that T+S E ~b+(X, Y). For that, choose t, o~ E (0, 1) with 
IlSl[ < ~ and let (en)neN be a t-orthogonal sequence in X \ {0}. As in the 
proof of (a) ~ (b) of Theorem 2.3, we obtain an m E N satisfying (2). Thus, 
ct t  
IIr(en)ll _> ~ l len l l  > IIS(en)ll for all n >_ m, 
from which it follows that 
c~t 
II(r+S)(e~)ll = IIr(e~)ll _> ~ l le~l l  for all n > m. 
O~ So, T+S satisfies property (c) of Theorem 2.3 for C := and t as above. We 
II~ -1 II 
conclude that T+S E ~+(X, Y). 
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Next we prove the inequality between the dimensions of the kernels of T+S 
and T. Suppose this inequality does not hold, that is, ~(T) < r/(T+S); we will 
derive a contradiction. Let t, oz E (0, 1) be as in the first part of the proof. By 
Lemma 1.1, there is an x E Ker (T+S)  \ {0} such that x is t-orthogonal to 
Ker(T). 
On the one hand we have 
ctt t 
IIZ(x)ll = II(Z+ S) (x )  - S(x)ll -- II - S(x)ll < ~ Ilxll < ~I lx l l  
But, on the other hand, by (1) and the t-orthogonality we obtain 
IIT(x)II > II~(x)ll> t - ii f _ l  i--; - iixtl, 
a contradiction. [] 
Corollary 2.6. ~5 + ( X, Y) is an open subset of L( X, Y). 
Remark 2.7. If  T E ~+(X, Y) is not injective we may have small (even com- 
pact) operators S satisfying the condition of Theorem 2.5 for which 
rl(T+S ) < r/(T). As an example, let E ¢ {0} be a Banach space over ~ and let 
X := ~ x E. Take T E L(X) defined as T()~,y) := (0,y), ~ E ~, y E E. Then 
T E ~5+(X) and r / (T )= 1 (even more, T E ¢~(X) and ~5(T)= 1). Choose 
~ ~\  {0}, I~1 < ~.  Then, S:  X ~ X defined as S(A,y) := (#A,0) is an 
operator on X with IISII--f~l < 1 Further, as T+S is bijective, 
IE?-III' 
0 = rl(T+S ) < ~(T) = 1. Observe that S is a one-dimensional range operator 
and consequently it is compact. 
To finish this section we will apply Theorem 2.5 to derive that ~+(X, Y) is 
stable under compact perturbations. This fact was previously proved in [13], 
Corollary 3.3 by using some machinery related to locally compactoid sets, 
which is avoided in the approach we give here. 
As a first step, we consider finite-dimensional range perturbations. 
Lemma 2.8. Let T • ~+(X, Y). I f  S E L(X, Y) has finite-dimensional range, 
then T+S E g%(X, Y) andrl(T+S ) <_ ~(T) + dim R(S). 
Proof. By Lemma 3.14,(i) of[121, Y~ := R(T) + R(S) is a Banach space over ~. 
Let us define T1, S1 E L(X, I11) as Tl(X) := T(x), Sl(x) := S(x), x c X. The as- 
sumptions about T and S imply that T1 c ~5(X, Y1) and SI has finite-dimen- 
sional range (observe that T1 and $1 have the same kernels and ranges as T and 
S respectively). From Theorem 3.5 of[ l]  we deduce that TI+S1 E ~(X, I11), so 
Ker (T+S)  (= Ker(T1 +$1)) is finite-dimensional nd R(T+S)  (= R(T1 +S1)) 
is closed in II1 (and then in Y), that is, T+S c ~+(X, Y). 
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Next we prove the inequality between dimensions. Thanks again to Theorem 
3.5 of[l] we also have x(Tl+S1) = x(T1) i.e. 
(3) ~7(T+S) - r/(T) = 6(T1 +$1) - 6(T1). 
Further, it follows from Theorem 3.3 of [16] that 
(4) 6(T1 +$1) _< 6(T1) + dim R(S1) = ~5(T1) + dim R(S). 
Putting together (3) and (4) we arrive at the desired inequality. [] 
Remark 2.9. The example given in Remark 2.7 shows that in Lemma 2.8 we 
may have ~7(T+S) < r/(T) + dim R(S). 
Now we prove the stability of ~+(X, Y) under compact perturbations, as 
previously announced. 
Theorem 2.10. For T E ~'+(X, Y) and K E C(X, Y) we have that T + K E 
r). 
Proof. As K is compact, there is a finite-dimensional range operator S E 
L(X, Y) such that IlK - SII < ~ ([12], Theorem 4.39). It follows from Theo- 
rem 2.5 that T- -K -S  E ~)+(X, Y). Finally, we can apply Lemma 2.8 to con- 
clude that T+K = (T+K-S)+S E ~+(X, Y). [] 
Remark 2.11. In Theorem 2.10 there is no relation between rl(T+K) and rI(T) 
similar to the one stated in Theorem 2.5. Indeed, let T, S be as in Remark 2.7 
and take K := S. We know that 0 = rl(T+K) < r/(T) = 1. On the other hand, 
by taking T + S as the original operator and K := -S  we obtain the opposite 
inequality between the dimensions of the kernels of the corresponding opera- 
tors after and before perturbation. 
3. PERTURBATIONS OF SURJECT IVE  FREDHOLM OPERATORS 
In order to prove the stability of Fredholm operators in the general case (The- 
orem 4.2), we need to prove it first in the surjective case (Theorem 3.2). 
For Fredholm quotient operators we have the following. 
Theorem 3.1. For T c ~b(X, Y) • Q(X, Y) and S E L(X, Y) with IISII < 1 we 
have 
(i) T+S c ~(X, Y) N Q(X, Y), 
(ii) ~]( T + S) = 7]( T), 
(iii) x( T + S) =- x( T). 
Proof. It follows from Theorem 4.2 of [16] that T+S E Q(X, Y). In particular, 
T+S E ~5_(X, y) and 6(T+S) = 6(T) = O. 
Further, as T E Q(X, Y), T is an isometry from J( onto Y and so II~ -1 II - 1. 
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Therefore, we can apply Theorem 2.5 to deduce that T+S E q~+(X, Y) and 
~I(T+S) <_ ~7(T). Thus, T+S E ~(X, Y) and 
x(T+S)  = ~?(T+S) <_ ,(T) = x(T). 
It remains to prove that v(T+S) = ~/(T). Suppose v(T+S) < ~?(T); we will 
derive a contradiction. Choose t E (0, 1) such that ]IS]] < t. Lemma 1.1 implies 
the existence of an x E Ker(T) \ {0} such that x is t-orthogonal to Ker(T+S) 
which, by Lemma 3.2 of [12], means that t l]xl] _< dist(x, Ker(T+S)),  where 
dist(x, Ker (T+S) ) := inf{]]x- y]]: y E Ker(T+S)}. Since T+S is a quotient 
map, we also have dist(x, Ker(T+S)) = ]] (T+S)(x)[]. So, 
t llxl] _< II(r+S)(x)ll -- IIS(x)ll, 
which is in contradiction with HS(x)II < t llxll. [] 
Next we show the satisfactory behaviour of surjective Fredholm operators 
when they are perturbed by small operators. 
Theorem 3.2. For T E #(X, Y) MS(X, Y) and S E L(X, Y) with IISII < ~we 
have 
(i) T+S C +(X, Y) N S(X, r), 
(ii) ~7(T+S) = ~](T), 
qii) x( T + S) = x( T). 
Proof. By Corollary 4.3 of [16], T+S E S(X, Y). Let us prove the rest of (i) and 
(iii). 
Since T is a bijection from 2 onto Y, T E ~()(, Y) and x(T) = 0. Also, 
(5) T+S = = iS). 
Now, as I[T-1Sll < 1, we can apply Theorem 3.1 to the quotient map :r : X ~ _~ 
to derive that :r+T-1S E ~(X,2)  (in fact, : r+f  IS E ~(X,X) M Q(X;)()) and 
(6) X(~r+T-IS) = X(:r) = dim Ker(Tr) = dim Ker(T) = x(T). 
By using (5), (6) and Proposition 3.2 of [1], we conclude that T+S E q~(X, Y) 
and 
x(T+S)  = x(T) + X(~+T-~S) = x(T), 
and we are done. 
Finally, by surjectivity, (ii) follows immediately. [] 
Remark 3.3. 1. Although in Theorems 3.1 and 3.2 the dimensions of the kernels 
of the original and the final operators coincide, these kernels can be different 
subspaces, even when the small perturbing operator S is compact. As an ex- 
ample, let X := go~, M := [(1, 1, . . . ,  1,...)], Y := X/M and let T : X ~ Y be 
the canonical quotient map. Take # c N with 0 < I#/ < 1 and define S E 
L(X ,  r )  as 
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S((al,a2,...)) :=  T((O,#al,0,#al,O,#al,O, .)) ((al,a2,.. .)  E g~). 
Then, ]]SI] = I#1 < 1 - I Also, 
I17<11" 
Ker(T+S)  =[ (1 ,1 -#,1 ,1 -#,1 ,1 -#,1 ,  .)], 
which implies that Ker(T+S)  # Ker(T) = M. Note that 
R(S) = [T((O, 1,0, 1,0, 1,...))], 
so it is a one-dimensional subspace of Y, hence S is a compact operator. 
2. Surjective (resp. quotient) Fredholm operators are not preserved under 
compact perturbations. Indeed, if E is a Banach space over ~ and X := ~ × E, 
then T := Ix is trivially surjective (even a quotient map). But, i fK  C L(X) is the 
one-dimensional range (hence compact) operator defined as K(A, y) := (-A, 0), 
A E ~, y E E, it is clear that T+K is not surjective (although it must be Fred- 
holm, see Theorem 4.1). 
4. PERTURBATIONS OF FREDHOLM OPERATORS 
The main result of [1] states that the index of p-adic Fredholm operators is 
preserved under compact perturbations: 
Theorem 4.1. ([1], Theorem 6.1) For T C qs(X, y) and K C C(X, Y) we have 
that T + K E ~( X, Y) and x( T + K) = x( T). 
To obtain Theorem 4.1, a crucial previous tep in [1] was to prove the stability 
of ~(X, Y) under small compact perturbations ([1], Theorem 5.5). 
Further, a well-known theorem in classical Operator Theory establishes that 
Fredholm operators and their index are preserved when they are perturbed by 
an arbitrary small operator. Next we shall apply the results of the previous 
sections to derive the non-archimedean validity of that classical theorem, 
which improves Theorem 5.5 of [1]. 
Theorem 4.2. For T E ~(X, Y)and S E L(X, Y) with [[SI[ < ~ we have 
(i) T+S r) ,  
(ii) rI(T+S) <_ ~7(T), 
qii) ~5(T+S) < 6(T), 
(iv) x (T+S)  = 
Proof. We shall prove (i) and (iv). The rest follows from Theorem 2.5. 
Take t E (0, 1) with IISII < ~.  By Proposition 4.1 of [1], there is a con- 
tinuous linear projection P from Y onto R(T) with IIPIt _< t -1. Let M := 
Ker(P) (= R(Iy - P)) and let iR(T), iM be the canonical inclusions from R(T) 
and M into Y respectively. Observe that 
(7) T+S = iR(T)P(T+S) + iM(Ir -- P)(T+S). 
125 
Clearly iR(r) E ~(R(T),  Y) and 
X(iR(T)) = --~5(iR(T)) = -~( r ) .  
Also, PT  c ~(X, R(T)) N S(X,R(T)) and PS is an operator from X to R(T) 
1 _ 1 Hence, it follows from Theorem 3.2 that with IlPSll < ,?  ,lJ ,Fr-tl J  
e(r+s) = er+Ps  R(T)) n S(X, R(T)) 
and 
x(P(T+S))  = x(PT) = ~7(PT) = rl(T). 
Now, by Proposition 3.2 of [1], we derive that iR(T)P(T÷S) E ~5(X, y) and 
(S) X(iR(T)P(T+S)) = X(iR(r)) + x(P(T+S))  = -(5(r) + rl(T) = x(T). 
Since iM(Iy -- P)(T+S) has finite-dimensional r nge, we can apply (7), (8) and 
Theorem 3.5 of [l] to conclude that T+S E ~(X, Y) and 
x(T+S)  = X(iR(T)P(T+S)) = x(T). [] 
Finally we conclude the following result. 
Corollary 4.3. ~(X, Y) is an open subset of L(X, Y). 
Remark 4.4. 1. The example given in Remark 2.7 shows that the inequalities in 
properties (ii) and (iii) of Theorem 4.2 may be strict. 
2. With the same arguments as in Remark 2.11 we can see that in Theorem 
4.1 there are no relations between the dimensions of the kernels of T+K and T 
and the codimensions of their ranges, similar to those stated in properties (ii) 
and (iii) of Theorem 4.2 respectively. 
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